In this paper, we consider several invariant complex structures on a compact real nilmanifold, and we study relations between invariant complex structures and Hodge numbers.
Introduction
Let M be a compact Kählerian manifold, and h p,q = h p,q (M) a Hodge number of M. Then, M satisfies h p,q = h q,p for each p, q by the Hodge theory. In general, a compact complex manifold does not satisfy the relations.
In the paper [10] , we construct compact 4-dimensional complex manifolds M 1 and M 2 which satisfy that M 1 and M 2 are diffeomorphic, and h p,q (M 1 ) = h q,p (M 2 ) for each p, q, namely, we consider two invariant complex structures on a compact real nilmanifold. In this paper, we consider several invariant complex structures on a compact real nilmanifold, and we study properties of Hodge numbers. It is now well-known that if a compact nilmanifold Γ∖N admits a Kähler structure, then N is an abelian group and Γ∖N is a torus, where N is a simply connected real nilpotent Lie group, and Γ is a lattice in N ( [1] , [5] ). If a compact complex parallelizable nilmanifold Γ∖N admits a pseudo-Kähler structure, then N is an abelian group by a result of Dolbeault cohomology groups of compact complex parallelizable nilmanifolds ([4, Theorem 3.2], [6, Theorem 3] , [9] ). Thus, it is important to study properties of Hodge numbers of non-toral compact complex nilmanifolds. As an application of main theorems (Theorems 4.2 and 4.4), we have Theorem 1.1. Let H R (n) be a (2n + 1)-dimensional real Heisenberg group, and h R (n) its Lie algebra. Let h R (n) C be the complexification of h R (n), and R (h R (n) C ) a real Lie algebra obtained from h R (n) C by scalar restriction. Moreover, let R (H R (n) C ) be the simply connected nilpotent Lie group corresponding to R (h R (n) C ), and Γ a lattice in R (H R (n) C ). Then there exist invariant complex structuresJ 0 , . . . ,Jn on Γ∖ R (H R (n) C ) which satisfy (1) If k ≠ h, then (Γ∖ R (H R (n) C ),J k ) and (Γ∖ R (H R (n) C ),J h ) are not biholomorphic. (2) ∑︀ p+q=r h p,q (Γ∖H(n; k)) = ∑︀ p+q=r h p,q (Γ∖H(n; n − k)) for each r, where Γ∖H(n; h) = (Γ∖ R (H R (n) C ),J h ) for each h.
Let g = (g, J) be a Lie algebra with a complex structure, and g ± J the vector spaces of the ± √ −1 eigenvectors of the complex structure J, respectively. We denote by H *,* ∂ J (g C ) the cohomology ring of the differential bigraded algebra ⋀︀ *,* (g C ) * , associated to g C with respect to the operator∂ J in the canonical decomposition
it is important to investigate relations of Lie brackets and the operator∂ J . Note that also
For an arbitrary X ∈ g C , set
so that X + J is holomorphic type and X − J is antiholomorphic type with respect to J. From now on, when there exist no possibilities of confusion, we omit the subscript J.
Assume that∂
Let us consider a 2n-dimensional Lie algebra h such that h * has a basis η 1 , . . . , η 2n which satisfies
) by Lemma 2.1. We use this fact in the proof of Theorem 4.4.
Let N be a simply connected real nilpotent Lie group whose Lie algebra n has a rational Lie subalgebra n Q such that n ∼ = n Q ⊗ R, and Γ a lattice in N. A complex structure J on n is called rational if
Theorem 2.2 ([2]
). Let N be a simply connected nilpotent Lie group with a rational complex structure J. Then,
for each p, q.
Complex structures on nilpotent Lie groups
In this section, we consider invariant complex structures on nilpotent Lie groups. We consider the following Lie algebra g over R:
where a is Lie subalgebra of g, and b is an ideal of g. Take bases of the Lie subalgebras a and b:
has the following basis:
where
by
We define other complex structureJ on R (g C ) bỹ
for each i, j. Let R (G C ) be the simply connected real Lie group corresponding to R (g C ). Then, we have the following proposition:
If J is a rational complex structure, thenJ is also a rational complex structure. Example 3.2. Let H R (n) be a (2n +1)-dimensional real Heisenberg group and h R (n) its Lie algebra. Then h R (n) has a basis
. . , n) with other brackets vanishing. Consider the following Lie subalgebras of h R (n):
Hence, we have a rational complex structureJ k corresponding to the decomposition h R (n) = a k + b k . For example, in the case of n = 1 we have
See also section 8. We denote by Γ∖H(n; k) is a compact complex manifold (
. Then, by a result of Console-Fino (Theorem 2.2), we have
Invariant complex structures and Hodge numbers of compact nilmanifolds
The other cases are similar, and hence we omit proof of the other cases.
Proof. By Lemma 4.1,
Since a 
we can consider isomorphisms
be a homomorphism induced by (f −1 ) * and (g −1 ) * . Then, by Lemma 2.1, ( 
for each q.
Proof. Let A, B be simply connected nilpotent Lie groups corresponding to a, b, respectively. Let Γ A and Γ B be lattices in A, B, respectively. Since, by Nomizu's theorem,
and Poincaré's duality, we have
for each i, j, s and t. Let gs be a Lie algebra defined by
with other brackets vanishing. Then we have
Proof. By Lemma 4.1, we have
Invariant complex structures and Hodge numbers of compact nilmanifolds of a Heisenberg group
In this section, we consider Hodge numbers of a compact complex nilmanifold Γ∖H(n; k) = (Γ∖ R (H R (n) C ),J k ), where H R (n) is a (2n + 1)-dimensional real Heisenberg group. We consider the following Lie subalgebras of h R (n):
which are considered in Example 3.2. We write h(n;
by Theorem 4.2.
Proposition 5.2. For each r,
by Theorem 4.4.
Corollary 5.3. For each r, ∑︁
Next, we consider h p,0 (h(n; k)). Since 
we have that
is a basis of left-invariant (1, 0)-forms on H(n; k). Put ω i = λ i , ω n+i = µ i for i = 1, . . . , n, and ω 2n+1 = ν. Then, we have
Proof. Any element of
is also∂-closed but not∂-exact, where 1 ≤ j 1 < · · · < j p−k−1 ≤ 2n. Thus,
we see that
Thus, we obtain our claim.
Corollary 5.5. For each p, h p,0 (h(n; 1)) = h 2n+1−p,0 (h(n; 1)).
Corollary 5.6. If k 1 ≠ k 2 , then Γ∖H(n; k 1 ) and Γ∖H(n; k 2 ) are not biholomorphic, where Γ is a lattice in the underlying real Lie group of H(n; k 1 ) and H(n; k 2 ).
Proof. We may assume that k 1 > k 2 . By a result of Console-Fino (Theorem 2.2),
Recall that the minimal model for the de Rham complex (Ω
Nomizu's theorem (see [5, 7] ). The dual space h R (k) * of h R (k) has a basis 1 , . . . , 2k , 2k+1 which satisfies the relations
Lemma 5.7. For k ≥ 2, and p ≤ k,
Proof. Since any element of
Let α be a q-form such that 
By Propositions 5.1, 5.2, and Lemma 5.7, we can compute ∑︀ p+q=r h p,q (h(n; k)) and h 0,q (h(n; k)). For example, we have
for n ≥ 3. Moreover, we have (ii) We can directly check Propositions 5.1 and 5.2. Indeed, since
for h(n; k) * , we have that a differential graded algebra
and a differential graded algebra (
and ( ⋀︀ * ((R 2k ) C ) * , d) are isomorphic as differential graded algebras. Since
Invariant complex structures and Hodge numbers of compact nilmanifolds of a generalized Heisenberg group
In this section, we consider the case that g in Section 4 is the Lie algebra of a real generalized Heisenberg group. Let H R (1, n) be a (2n + 1)-dimensional real generalized Heisenberg group and h R (1, n) its Lie algebra (see [3] ). Then,
. . , n) with other brackets vanishing. Let us consider the following Lie subalgebras of h R (1, n):
We write h(1, n; k) = ( R (h R (1, n) C ),J k ), whereJ k is the complex structure corresponding to a decomposition 
Similarly as in the case of Heisenberg group, we have the following propositions. Thus, we omit these proofs.
Proposition 6.2. For each r,
∑︁ p+q=r h p,q (h(1, n; k)) = dim H r (h R (1, k) × h R (1, n − k) × R 2n ).
Corollary 6.3. For each r,
Proposition 6.4.
Corollary 6.5. For each p, h p,0 (h(1, n; 1)) = h 2n+1−p,0 (h(1, n; 1)). Proof. Since h 1,0 (h(1, n; k)) = 2n − k + 1, we have our claim.
Remark 6.7. (i) We can easily check that
(ii) We can consider other complex structures on R (H R (1, n) C ). For example, consider the following Lie subalgebras : and h p,q (M
for each p, q such that p + q ≤ k.
Proof. By the assumption,
As an application of Proposition 7.1, we have examples of pairs of high dimensional complex nilmanifolds which have duality of Hodge's numbers.
Example 7.2. Let us consider the following nilpotent Lie groups defined by
Then, by a straightforward computation, we see h p,q (Γ∖N 1 ) = h q,p (Γ∖N 2 ) for each p, q. Hence, we have
for each p, q, where Γ is a lattice in the underlying real Lie group N 1 ∼ = N 2 , and
for each p, q, where L is lattice in the underlying real Lie group
) by a result of Console-Fino (Theorem 2.2, see also [9] ). Remark 7.3. Recall that C ∼ = {(x, y) x, y ∈ R} has a lattice Z + τZ ∼ = {(m + na, nb) m, n ∈ Z}, where τ = a + √ −1b, and a, b ∈ R such that b > 0. Let
Then,
, which is not direct product of lattices in N and A. Similarly, we can construct a lattice in n ×N which is not the direct product of lattices in N.
Fibration and modification of a complex structure
In this section, we see the complex structureJ from a viewpoint of fibrations. 
